Suppose that G is a finite group and H is a subgroup of G. We call H a weakly ssupplementally embedded subgroup of G if there exist a subgroup T of G and an s-quasinormally embedded subgroup Hse of G contained in H such that G = HT and H ∩ T Hse. We investigate the influence of the weakly s-supplementally embedded property of some minimal subgroups on the structure of finite groups. As an application of our results, some earlier results are generalized.
Introduction and notation
All groups considered in this paper are finite. We use conventional notions and notation, as in [11] . Z ∞ (G) denotes the hypercentre of G, F stands for a formation, U and N denote the classes of all supersolvable groups and nilpotent groups, respectively, G F denotes the F-residual and Z F (G) denotes the F-hypercentre of G.
A number of authors have investigated the structure of a group G under the assumption that some minimal subgroups of G satisfy some condition in G. For example, Buckley [6] proved that if G is a group of odd order and all minimal subgroups of G are normal in G, then G is supersolvable. Shaalan [16] proved that if G is a group and every cyclic subgroup of prime order or order 4 is s-quasinormal in G, then G is supersolvable. Meanwhile, some authors have also considered how minimal subgroups can be embedded in a (p-)nilpotent group. Ito [11, Chapter III, Theorem 5.3] has proved that if G is a group of odd order and all minimal subgroups of G lie in the centre of G, then G is nilpotent. Recently, many extensions have been made by using formation theory, such as in [2, 7] . In this paper, we give an extension of the results mentioned above by the weakly s-supplementally embedded property of some minimal subgroups. As an application of our results, some recent results are generalized. 
Now we prove statement (i). Since
is the product of all solvable minimal normal subgroups of G/Φ(G). Thus, there exists a minimal normal sub- Proof . Assume that the result is false and consider a counter-example (G, H) for which |G| + |H| is minimal. Then we have the following.
Step 1 (every proper subgroup of G is supersolvable). Let K be a proper subgroup of G and let x be a cyclic subgroup of any non-cyclic Sylow subgroup of H ∩ K with prime order. It is clear that x is also a cyclic subgroup of a non-cyclic Sylow subgroup of H with prime order. By the hypothesis, x either is weakly s-supplementally embedded or has a supersolvable supplement in G. If x has a supersolvable supplement T in G, then x has a supersolvable supplement K ∩ T in K. If x is weakly s-supplementally embedded in G, then it is weakly s-supplementally embedded in K by Lemma 2.6. If the Sylow 2-subgroups of H ∩ K are non-abelian, let y be a cyclic subgroup of H ∩ K with order 4. It is clear that at this time the Sylow 2-subgroups of H are also non-abelian and y is a cyclic subgroup of H with order 4. Then, by the hypothesis, y either is weakly s-supplementally embedded or has a supersolvable supplement in G. With an argument similar to that above, we also have that y either is weakly ssupplementally embedded or has a supersolvable supplement in K. Hence, the hypothesis holds for (K, H ∩ K). The minimal choice of G implies that K is supersolvable. Thus, we have proved that G is not supersolvable but every proper subgroup of G is supersolvable. A well-known result of Doerk [8] implies that there exists a normal Sylow p-subgroup P of G such that G = P M, where M is a supersolvable maximal subgroup of G, and P/Φ(P ) is a minimal normal subgroup of G/Φ(P ). Moreover, the exponent of P is p if p > 2 and the exponent of P is at most 4 if p = 2.
Step 2 (P = H is not cyclic). Now G/P is a homomorphic image of M , and therefore supersolvable. By the hypothesis, G/H is supersolvable, so G/(P ∩ H) is supersolvable. It is clear that (G, P ∩ H) satisfies the hypothesis of the theorem. If P ∩ H < H, then G would be supersolvable by the choice of the pair (G, H). Hence, P ∩H = H, i.e. H is a p-group. Since H G and P/Φ(P ) is a minimal normal subgroup of G/Φ(P ), it follows that either HΦ(P ) = Φ(P ) or HΦ(P ) = P . In the former case, H Φ(P ) Φ(G), so G/Φ(G) and consequently also G are supersolvable: a contradiction. So HΦ(P ) = P , which yields that H = P . Recall that G/P is supersolvable; if P is cyclic, then G would be supersolvable: a contradiction.
Step 3 ( x is s-quasinormal in G for any element x ∈ P ). Let 1 = x ∈ P ; then x is a cyclic group with prime order or order 4 by Step 1. Let T be any supplement of
Step 2. Now assume that P ∩ T = P for every supplement T . Then T = G is the unique supplement of x in G. Since G is not supersolvable, by the hypothesis, x is weakly s-supplementally embedded in G. Thus,
Step 4 (the final contradiction). Assume that |P/Φ(P )| = p and let T/Φ(P ) be any non-trivial cyclic subgroup of P/Φ(P ). Let
It follows from [17, Lemma 2.11] that P/Φ(P ) has a maximal subgroup that is normal in G/Φ(P ). But this is impossible since P/Φ(P ) is a chief factor of G. Thus, |P/Φ(P )| = p and P is cyclic: the final contradiction. This contradiction completes the proof of the theorem. Proof . Assume that the result is false and let G be a counter-example of minimal order. Then we have the following.
Step 1 (H is supersolvable). By the hypothesis and Lemma 2.6, we have every cyclic subgroup x of any non-cyclic Sylow subgroup of H with prime order or order 4 (if the Sylow 2-subgroup of H is non-abelian) not having a supersolvable supplement in H is weakly s-supplementally embedded in H. So H is supersolvable by Theorem 3.1.
Step 2. G F is a p-group for some prime p and
has exponent p if p > 2 and exponent at most 4 if p = 2. Let p = max π(H) and P ∈ Syl p (H). Since H is supersolvable, we have P char H G, so P G. Consider G/P . From Lemma 2.6 we know the hypothesis holds for (G/P, H/P ). Then the minimal choice of G implies that G/P ∈ F; thus, G F P is a p-group. Since F is a saturated formation and
G). Since M/(M ∩ H) ∼ = MH/H = G/H ∈ F, a trivial argument shows that the hypothesis holds for (M, M ∩ H).
The minimal choice of G implies that M ∈ F. Now, by Lemma 2.8,
is a chief factor of G, and G F has exponent p when p > 2 and exponent at most 4 when p = 2.
With an argument similar to the one in the proof of Theorem 3.1 (Step 3), we have the following.
Step 3. x is s-quasinormal in G for any element x ∈ G F . Proof . Assume that the result is false and let G be a counter-example of minimal order. Then we have the following.
Step 4 (the final contradiction). Let T/Φ(G
Step 1 (every proper subgroup of G is nilpotent). Let H be a proper subgroup
On the other hand, for every cyclic subgroup K of order 4 of H ∩ N , if K does not have a supersolvable supplement in H, then K does not have a supersolvable supplement in G. Thus, K is weakly s-supplementally embedded in G by the hypothesis and then it is weakly s-supplementally embedded in H by Lemma 2.6. Therefore, (H, H ∩ N ) satisfies the hypothesis of the theorem, and the minimal choice of G shows H is nilpotent. Thus, G is a group which is not nilpotent but whose proper subgroups are all nilpotent. Then by Lemma 2.7, G = P Q, where P is a normal Sylow p-subgroup and Q a non-normal cyclic Sylow q-subgroup of G for some prime q = p, P/Φ(P ) is a minimal normal subgroup of G/Φ(P ), and exp(P ) = p when p > 2, while exp(P ) is at most 4 when p = 2.
Step 2 (P N , p = 2 and exp P = 4). Since both G/N and G/P are nilpotent,
Thus, Q(P ∩N ) is nilpotent by Step 1; then Q(P ∩N ) = Q×(P ∩N ) and Q char Q(P ∩N ).
On the other hand,
Therefore, Q G: a contradiction. Thus, we have P N . If exp P = p, then P = P ∩ N Z ∞ (G). Lemma 2.5 implies that G = P × Q: a contradiction. Thus, we have p = 2 and exp P = 4.
Step 3 (for every x ∈ P \ Φ(P ), we have o(x) = 4). Suppose there exists an
Step 4 (the final contradiction). By Step 3, every element of P \Φ(P ) is of order 4. Let x ∈ P \Φ(P ) and let T be a supplement of x in G. Then P = P ∩ x T = x (P ∩T ). Since P/Φ(P ) is abelian, (P ∩ T )Φ(P )/Φ(P ) G/Φ(P ) and hence (P ∩ T )Φ(P ) G.
Since P/Φ(P ) is a chief factor of G, P ∩ T Φ(P ) or P ∩ T = P . If P ∩ T Φ(P ) for some supplement T , then P = x is cyclic, so G is nilpotent by [11, Chapter IV, Theorem 2.8]: a contradiction. Now assume that P ∩T = P for every supplement T . Then T = G is the unique supplement of x in G. If G is supersolvable, then Q G since q > p = 2. Thus, G = P × Q is nilpotent: a contradiction. So, by the hypothesis, x is weakly s-supplementally embedded in G.
Thus, x Q is a subgroup of G and by [11, Chapter IV, Theorem 2.8], we may assume that x Q < G. So x Q is nilpotent and x Q = x × Q. Therefore, x ∈ N G (Q); it follows that P N G (Q) and G = P × Q: the final contradiction. This contradiction completes the proof of the theorem. Proof . We need to prove only the sufficiency. Assume that the result is false and let G be a counter-example of minimal order. 
. Then x is weakly s-supplementally embedded in G by the hypothesis.
Let T be any supplement of
, we also have x is s-quasinormal in G by Lemma 2.4.
Thus, for any q ∈ π(G), q = 2, x is normalized by every Sylow q-subgroup Q of M . So Q acts on x by conjugation. But the automorphism group of the cyclic group of order 4 is the cyclic group of order 2, so Q acts trivially on x and Q centralizes x . Thus, x is centralized by O 2 (M ); this implies that G F is centralized by O 2 (M ). Hence, O 2 (M ) G as G = MG F . Thus, it follows that G/M G is a 2-group. Therefore, G/M G ∈ F since N ⊆ F: the final contradiction. This contradiction completes the proof of the theorem. 
Some applications

